The activation of matrix metalloproteinase 2 (MMP2) is a crucial event during tumor metastasis and invasion, and this pathway network consists of 3 monomers. The pathway network of the activation obeys to a set of specified reaction rules. According to the rules, the individual molecules localize in a particular order and symmetrically around a homodimer following the formation of that dimer.
Introduction
Matrix metalloproteinases (MMPs) represent a family of endopeptidases that are responsible for the degradation of many components of extracellular matrix (ECM). The process of ECM degradation plays an important role during tumor metastasis and invasion, and this pathway network consists of 3 monomers: matrix metalloproteinase 2 (MMP2), tissue inhibitor of metalloproteinase(TIMP2), and membrane type-1 matrix metalloproteinase(MT1-MMP). Sato et al. (1994) demonstrated that MMP2 activation occurs upon the formation of (MMP2-TIMP2 -MT1-MMP -MT1-MMP) complex [1] (Fig.1) .
MMP inhibitors for cancer treatments have been developed, but their many side effects have hindered the use of these inhibitors. Therefore, the suppression of this complex is necessary in order to develop Atg16-Atg16-Atg5-Atg12) complex reacts with Atg3-Atg8 complex and forms (Atg8-Atg3-Atg12-Atg5-Atg16-Atg16-Atg5-Atg12). This complex formation is similar to that of (MMP2-TIMP2-MT1-MMP-MT1-MMP).
a pathway network into different modules, and showed the robustness of the network depends on the robustness of all reaction modules [7] . Mochizuki and Fiedler describe the sensitivity of the flux response to a change in the reaction rate. They investigated the network structure in order to obtain the response sensitivity. For a pathway network with a layered structure, they divided the network to motifs and obtained a local flux response. Afterward, they obtained the global flux response sensitivity [8] . In the network structure approach, a network is divided into several modules, and the local modules are independent of each other. The local module parameters or characteristic are obtained independently, while the total network characteristics are investigated globally.
Our approach is similar to the described approaches from the perspective that we classify the pathway network to some modules and clarify the structure. The extended N monomer pathway network has a layered structure because the complexes are classified into several groups according to their formation.
We solved all molecular concentrations, using group solutions obtained previously [6] , where we solved group solutions locally. Here, we described and solved the complex solutions globally.
N monomer model
We generalized a 3-monomer pathway network, obtaining the N monomer pathway network. The reaction rules are similar to those in the 3-monomer MMP2 activation network. b 1 monomers react each other and make homodimer. Other monomers connects with monomers in a specified order. We show the reaction rules as follows.
• b 1 monomer reacts with b 1 monomer and makes a homodimer b 1 − b 1 .
(k 1 : reaction rate constant and l 1 : the dissolution rate constant )
• b i monomer reacts with b i−1 or b i+1 monomer. (i = 2, · · · , N − 1).
( k i+1 :the reaction rate constant , and l i+1 :the dissolution rate constant)
According to the reaction rules, the pathway network has N (N + 1) types of complexes as follows.
N monomer pathway network and its structural features
The generalization helps us understand the structural features dependent on to the complex formations.
We determined that different groups of complexes react with each other, in order to produce a new type of complex, and this grouping depends on the formation of complex and the type of the edge monomer.
Grouping and strict solutions of the groups
The complexes belong to the reaction groups, and we determined mass conservation relationships between the reaction groups. N (N + 1) ODEs for complex evolution analyses were aggregated to the N ODEs for reaction groups. The N reaction group ODEs are independent of each other and quadratic with one variable, and therefore, solvable. We showed that reaction group ODEs have strict solutions and the solutions converge to the equilibrium state.
Complex integrability
The reaction group solutions were obtained. First, we obtained a priori upper bound of the concentration of each complex in the group, and afterward, we show that each complex ODE is written as follows:
where variables A l,m (t) and f l,m (t) can be written with reaction group variable ξ m (t) and reaction rate constants k m and l m (m=1, · · ·, N). Reaction group variable ξ m (t) is strictly derived. The solution of this equation is:
This shows that each complex concentration has a solution, and the N (N + 1) complex ODEs are integrable. Using the equation (2), we obtained the equilibrium solution. Therefore, the equilibrium solution of X * l,m = lim t→∞ X l,m (t) is: 3 Generalization of the pathway network to N monomer network
Our aim was to understand the behavior of the investigated network.
The N monomer network has N (N +1) types of molecules. (Fig.3-Fig.4 ). The molecular concentration is expressed as X l,m (t), where m is the biggest index number of a monomer in the molecule, while l is the length of the molecule.
Classification of complexes to reaction groups
We classified the molecules to several reaction groups according to the resulting reactions of the molecule X l,m . (Fig.5) First, we classified the molecules to the N groups according to the biggest monomer index number in the molecule. The monomer with the biggest index number is the furthest from the central monomer
We defined a reaction group as B i (i = 1, ..., N ). Group B i consists of molecules, X 1,i : (b i ), X 2,i :
the molecules in the group B i have the edge monomers b i (i = 1, · · · , N ), and i is the biggest monomer index number among the monomers included in the B i group molecule.
In contrast to this, we classified network complexes into group LU j or group LD j according to the edge monomer index number, which is not the biggest index number in the molecule (j = 1, ..., N ) .
Group LU j consists of molecules: Fig.7) . The molecules in the LU j group have monomer b j on the edge and no
Group LD j consists of molecules:
The molecules in the LD j group have monomer b j on the edge and
The law of mass conservation for the reaction groups
According to the law of mass conservation, we determined N equations for relationships between the LU m+1 and (B m + LD m ) reaction groups. First, we found a total concentration of monomer b N in the 
LDm Group
In the equation (4),
is can also be written as follows:
Σ total B N is a total concentration of complexes in group B N , while Σ total LD N is the total concentration of complexes in group LD N (Fig. 8 ). 
Therefore, we were able to obtain N mass conservation relationships between the reaction groups. We determine the sum of the equation (7), from m to N . Left-side terms of this equation cancel each other,
Followed with:
3.3 The law of mass action for the reaction groups
As previously described, mass preservation relationships between the reaction groups, B, LU , and LD groups are present. Here, we introduce the law of mass action for the reaction groups and their group concentrations at previous work. We show how to derive the mass action laws and their solutions in the appendix A.
We define the parameter ξ m (t) as the total concentration of the molecules belonging to the LU m group. The parameter η m (t) is defined as the total concentration of molecules in B m and LD m groups. Afterward, equations (7)- (8) are rewritten using ξ m+1 (t) and η m (t):
The LU reaction group concentrations are summarized as follows:
LU group concentrations, ξ N , ..., ξ m , ..., ξ 1 , are independent of each other and have strict solutions, which converge to equilibrium solutions when time t tends to +∞.
The total concentration of B m and LD m groups η m is derived from the equation (7), as follows:
Here, we showed that the total concentration of LU m group, or total concentrations of LD m and B m groups, can be solved. They converge to the equilibrium solutions when time t tends to +∞.
We regarded the reaction group concentrations as a priori upper boundaries of the concentration of each molecular in the group. Afterward, we demonstrated that each molecule in a group converges to a stable solution.
Concentrations of complexes in the network
All evolution equations of the complexes in the pathway network were derived. We show that ODEs of all concentrations of the molecules X l,m (t) in the network have the following shape:
First, we solved the homogeneous differential equation,
, and obtained the
A l,m (s)ds . These equations were solved by varying the parameters.
Afterward, all complex concentrations were shown to be integrable.
We set equilibrium values for molecules X l,m , A m (t), and f m (t) as X * l,m , A * l,m , and f * l,m . We defined the parameter
We
where
. When time t tends to ∞, Y l,m (t) tends to 0:
The concentration and stability of complexes in LU groups
We calculated the concentrations of the molecules by starting with the complex X 1,2 ⊂ LD 1 , B 1 followed by solving ODEs for complexes
Afterward, we solved the ODEs of complexes in LD 2 , · · ·, LD N group.
Additionally, we began with the molecules in the LU N group, and solved the concentrations of molecules from LU N −1 , · · · , LU 1 , LD 1 , · · · , LD N groups, step by step.
Complex concentrations in LU N group
First, we started with LU N group and calculated the complex concentrations of LU N −1 , · · ·, LU 2 , LU 1 .
LU N group has only one complex, X 1,N , and its concentration X 1,N (t) is equal to LU N group solution, ξ N (t).
Its equilibrium is obtained.
Concentrations of molecules in LU
We considered the concentrations of molecules in
Its equilibrium solution is
Mmolecule concentraion in the LU
Afterward, we considered the concentrations of molecules in LU m group, specifically, of the LU m group complex,
. Starting from the mass conservation laws and mass action laws, we obtained the reaction ODEs for X i,m+i−1 molecule as follows:
Concentration of LU 1 group complexes
Reaction ODE of LU 1 complexes, X i,i ⊂ B i (i = 1, · · · , N ), is written as follows:
Therefore, the equilibrium solution of X i,i (t) is
Finally, for the molecules belonging to the LU 1 , X N,N ⊂ B N , reaction ODE of this molecule is written:
Therefore, the equilibrium solution of X *
Concentrations of complexes in LD groups
We demonstrated that the complex concentrations in LU groups are integrable and converge to the equilibrium. Following this, we solved the concentrations of LD group complexes. Here, we initially determined the concentrations of X 2,1 ⊂ LD 1 , B 1 complex, followed by ODEs for complexes X 3,2 ⊂ B 2 , X 4,3 ⊂ B 3 , · · · , X N −m+1,N ⊂ B N in LD 1 group. Finally, we solved the ODEs of complexes belonging to LD 2 group, · · ·, LD N group, step by step. as follows:
Concentration of complexes in LD
Deformation of equation (37) is:
Let Y i+1,i (t) be a difference between X i+1,i (t) and its equilibrium solution, X *
General and equilibrium solutions were obtained as follows:
),
Therefore equilibrium solutions of X * i+1,i = lim t→∞ X i+1,i (t) are:
where From the mass conservation law and mass action law, we obtain reaction ODEs for the concentrations of
Concentration of molecules in
First, we considered the concentration of the complex, X 2m,m (t) ⊂ B m , LD m (Fig.9 ). This complex is The coefficients of the equation (42), A 2m,m and b 2m,m are defined as follows:
Additionally, we considered the concentration of the complex, X 2m+i,m+i ⊂ B m+i (i = 2, · · · , N − m − 1) (Fig.4.8) .
LDm Group
X2m+1, m+1
Bm Group
Xm, m 
(44)
IIf we consider the concentration of the complex X N +m,N (t) ⊂ LDm, we observe that the X N +m,N complex is produced as a consequence of a reaction between a complex belonging to the B m group and a complex belonging to the B N group, or between a complex in the LD m group and another one in the B N group, and by degradation of the bigger complexes in B N group (Fig.11) Therefore, the coefficients of equation (42) were derived as follows: We have already obtained the values and equilibrium solutions of the parameters ξ m+1 (t), ξ m+i+1 (t), X j,m (t)(j = 1, · · · , 2m), X 2m+i,m+i (t)(i = 1, · · · , N − m). It is possible to solve the equation (42), step by step, from i = 0 to N, as previously done, and obtain the equilibrium solutions.
Concentration of complexes in LD N group
LD N group consists of only one complex, X 2N,N . This complex can be produced only in the reactions between complexes in B N group, but it cannot be obtained as a product of degradation, because it represents the biggest complex in the network.
From mass conservation law and mass action law, we obtained the reaction ODE of the X 2N,N complex as follows:
where 
When the parameter
, from the equation (47), we can obtain:
We obtained the equilibrium solutions as previously:
This led to a conclusion that all complexes in the (b N −· · ·−b 1 −b 1 −· · ·−b N ) type network are integrable and have explicit equilibrium solutions.
Simulation
We applied the equilibrium values of complex concentrations, determined for the N monomer network, to the 3-monomer MMP2/TIMP2/MT1-MMP network. The equilibrium values of the group and complex concentrations of this network were calculated using R ver. 3.2.2 wuth desolve package.
The parameter X 4,3 (t) is a concentration of the complex (MMP2/TIMP2/MT1-MMP/MT1-MMP) at time t, and b 1 corresponds to MT1-MMP, b 2 to TIMP2, b 3 to MMP2.
From this simulation, we can see that the theoretical result of the target complex concentration (Fig.12) . The group concentration η 1 (∞) was shown to be always bigger than 
Conclusions
By generalizing MMP2 activation network to N monomer network with (
plexes, we can observe the group reaction behavior and the layered structure of the network. This allowed us to take a two-step approach, in order to solve the pathway network system.
As the first step, we classified the complexes to the reaction groups, such as B m , LU m , and LD m , and these groups behave according to the mass conservation laws. Therefore, we aggregated complex ODEs into the reaction group ODEs, and obtained the strict solutions for reaction group concentrations.
In the following step, we solved all complex concentrations in the each reaction group, while the group concentrations were obtained at the first step. The concentrations of all complexes in the N monomer pathway network are derived explicitly and converge to equilibria.
We think our approach is useful for biologists dealing with the pathway network with homodimer symmetric formation complexes. We show this type pathway network is integrable and stable. Each concentration of the complexes in the network is solved explicitly.Especially, we obtain equilibrium concentration of each complex easily and quickly with our approach. 
A.1 LU m group
As we saw previously, the reaction groups follow mass preservation laws. LU m+1 group has dual relationships with B m and LD m groups, as seen in equation (7) (m = 1, · · · , N − 1).
We sum ODEs of the molecules in the LU m+1 group as:
We define the parameter ξ m (t) as the total concentration of the molecules belonging to the LU m group.
The parameter η m (t) is defined as the total concentration of molecules in B m and LD m groups.
Afterward, equations (7)- (8) are rewritten using ξ m+1 (t) and η m (t):
Then,
We obtain LU group ODEs in this way (m = 1, · · · , N ). N (N + 1) molecule ODEs were aggregated to N reaction group ODEs, which can be solved explicitly and have asymptotically stable solutions.
The discriminant of
is:
If D m+1 is positive, there are two equilibrium solutions of
The explicit solution of equation (54) is:
When time t tends to +∞, e −βm+1t → +0. 
The explicit solution of equation (54) in this case is:
ξ m+1 (t) decreases with O(t −1 ) more slowly than in the case where D m+1 > 0 with O(e −βm+1t ). When time t tends to +∞, the numerator is constant and denomination tends to +∞:
After obtaining LU m+1 group concentration ξ m+1 (t) and its equilibrium value ξ * m+1 , we obtained the B m group and LD m group concentration η m (t) and its equilibrium value η * m , using the mass conservation law equation (52). 
A.2 LU N Group
LU N group consists of only molecule X(1, N ), and the ODE of the molecule X(1, N ) is:
The LU N (t) reaction group concentration is equal to the molecule concentration X 1,N (t). Therefore, the ODE of the LU N reaction group is:
The solutions for the equation (64) are obtained in the similar way as LU m reaction group concentration.
If D N is positive, there are two equilibrium solutions of
The explicit solution of equation (64) is: 
The explicit solution of equation (64) in this case is:
Therefore, the equilibrium solution of equation (64) is: 
A.3 LU 1 reaction group
Next, we considered LU 1 reaction group. LU 1 reaction group consisted of monomer X 1,1 , X 2,2 , · · · , X i,i · · · complexes, and X N,N .
dξ1(t) dt
is obtained as the sum of the upper ODEs. The reaction terms defining which monomers or complexes of group LU 1 lead to the formation of other monomers or complexes of this group are canceled.
If D 1 is greater than 0, i.e., l 1 > 0, there are two equilibrium value solutions of dξ1(t) dt = 0:
We considered ξ 1 (t) as the total monomer and complex concentrations in group LU 1 :
, β = k 1 (ξ * 1+ − ξ * 1− ). When time t tends to +∞, e −β1t → +0: We obtain B 1 and LD 1 group concentration η 1 (t), and the equilibrium value η * 1 , through the mass conservation law equation (52):
(77)
The LU reaction group concentrations are summarized as follows: 
The total concentration of B m and LD m groups η m is derived from the equation (7), as follows: 
